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ON THE MEAN CURVATURE FLOW OF SUBMANIFOLDS
IN THE STANDARD GAUSSIAN SPACE †
AN-MIN LI, XINGXIAO LI, AND DI ZHANG ∗
Abstract. In this paper, we study the regular geometric behavior of the mean curvature flow (MCF) of
submanifolds in the standard Gaussian metric space (Rm+p, e−|x|
2/mg) where (Rm+p, g) is the standard
Euclidean space and x ∈ Rm+p denotes the position vector. Note that, as a special Riemannian manifold,
(Rm+p, e−|x|
2/mg) has an unbounded curvature. Up to a family of diffeomorphisms on Mm, the mean
curvature flow we considered here turns out to be equivalent to a special variation of the “conformal
mean curvature flow ” which we have introduced previously. The main theorem of this paper indicates,
geometrically, that any immersed compact submanifold in the standard Gaussian space, with the square
norm of the position vector being not equal to m, will blow up at a finite time under the mean curvature
flow, in the sense that either the position or the curvature blows up to infinity; Moreover, by this main
theorem, the interval [0, T ) of time in which the flowing submanifolds keep regular has some certain
optimal upper bound, and it can reach the bound if and only if the initial submanifold either shrinks
to the origin or expands uniformly to infinity under the flow. Besides the main theorem, we also obtain
some other interesting conclusions which not only play their key roles in proving the main theorem but
also characterize in part the geometric behavior of the flow, being of independent significance.
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1. Introduction
Let M be a compact manifold of dimension m ≥ 2, and (Rm+p, g) (p ≥ 1) the Euclidean space with
the standard flat metric g. Then the Riemannian manifold (Rm+p, e−|x|
2/mg), where |x| denotes the
standard norm of the position vector x ∈ Rm+p, is exactly the standard Gaussian metric space. Thus, for
any immersion x :M → Rm+p, we have two induced metrics g := x∗g, g˜ = e−
1
m
|x|2g and, accordingly, we
also have two mean curvature vectors H , H˜ . A simple computation shows that these two mean curvature
vectors are related to each other by
H˜ = e
1
m
|x|2(H + x⊥). (1.1)
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As is well known, the Gaussian space (Rm+p, e−|x|
2/mg) plays important roles both in physics and in
mathematics; In particular, as a special Riemannian manifold, it has a typical geometric structure of non-
constant curvature. Moreover, while the Gaussian metric e−|x|
2/mg is highly symmetric around the origin,
the sectional curvature of (Rm+p, e−|x|
2/mg) is unfortunately unbounded. In fact, under the canonical
frame eA =
∂
∂xA (A = 1, 2, ...,m + p) of R
m+p, if we denote by R˜ABCD (A,B,C,D = 1, 2, ...,m + p)
the components of the Riemannian curvature tensor of the Gaussian metric e−|x|
2/mg, then the sectional
curvature K˜(eA, eB) of the Gaussian space (R
m+p, e−|x|
2/mg) along the two-dimensional section [eA∧eB]
at any point x = (x1, x2, · · ·xm+p) ∈ Rm+p with any pair A,B, A 6= B, can be directly computed as
follows:
K˜(eA, eB) =−
R˜ABAB
‖eA ∧ eB‖2
=
1
m
e
1
m
|x|2
(
2 +
1
m
(xA)2 +
1
m
(xB)2 −
1
m
|x|2
)
=
1
m
e
1
m
|x|2
(
2−
1
m
∑
C 6=A,B
(xC)2
)
−→ −∞,
as
∑
C 6=A,B(x
C)2 −→ +∞, where ‖eA ∧ eB‖ is the norm of the exterior 2-vector eA ∧ eB induced by the
Gaussian metric e−|x|
2/mg.
Motivated by the major development of the classical mean curvature flow, we are very interested in
and shall initiate the study of the mean curvature flow (MCF) of submanifolds in the Gaussian space
(Rm+p, e−|x|
2/mg). Due to some of the idea proposed in our earlier study on the conformal MCF (see the
statement in the introduction of [20]), instead of using the original mean curvature H˜ directly, we would
like to write analytically the MCF in (Rm+p, e−|x|
2/mg), using the “standard ” mean curvature H , into
the following form of initial problem of a degenerate parabolic partial differential equation:{
∂F
∂t = H˜ ≡ e
1
m
|F |2(H + F⊥),
F (·, 0) ≡ F0(·),
(1.2)
where |F |2 ≡ g(F, F ) is the square norm of F with respect to the standard flat metric g.
On the other hand, we all know that ([31], see also [11] for p = 1) a tangential velocity in any flow
of submanifolds does not change the geometric behavior of the flow, for example, the image Ft(M
m) at
each moment t ∈ [0, T ). Therefore, the original MCF (1.2) can be made geometrically equivalent to the
following curvature flow: {
∂F
∂t = e
1
m
|F |2(H + F ),
F (·, 0) ≡ F0(·).
(1.3)
More generally, for later use in the major argument, we need to consider the following problem of “modified
MCF ”: {
∂F
∂t = e
1
m
a(t)|F |2
(
c(t)H + b(t)F
)
,
F (·, 0) ≡ F0(·),
(1.4)
where a, b, c ∈ C∞[0, T ), a > 0, b > 0, c > 0. The most important case is that a, b, c are all given
constants. By the way, we shall call a smooth solution F : Mm × [0, T ) → Rm+p to (1.2) or (1.3) or
(1.4) regular if for each t ∈ [0, T ), the corresponding map Ft : M
m → Rm+p is an immersion, where
Ft(·) = F (·, t); Such a regular solution F is called maximal if the time interval [0, T ) is maximal.
To give our present research a sound background, a brief review here of the well studied classical MCF
of submanifolds, especially in the real space forms, seems rather necessary.
As indicated in the literature, in order to describe the formation of grain boundaries in annealing
metals, the MCF was first studied in 1956 by Mullins ([27]). Later, Brakke ([8]) introduced the motion
of a submanifold in arbitrary codimension driven by the mean curvature vector, and constructed a
generalized varifold solution for all time. Since then there have been many interesting results on the
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MCF, especially for hypersurfaces in Euclidean space, the most important case. To cite a few, Huisken
([14]) showed that, under the MCF, any compact and uniformly convex hypersurface in the Euclidean
space is convergent to a “round point” in finite time. More generally in the case of higher codimension,
Andrews and Baker proved ([3] or [4]) that, for a compact initial submanifold of the MCF in the Euclidean
space, if its second fundamental form and mean curvature satisfy a suitable pinching condition, then the
corresponding moving submanifold must be convergent to a “round point” in finite time. This last
theorem was later generalized to MCFs in other two non-flat space forms, see Baker ([4]) and Liu-Xu-
Ye-Zhao ([24], [25]). It should be remarked that, in order to extend the result in [15] by Huisken for the
MCF of hypersurfaces in any more general Riemannian manifold (N, g) with bounded geometry, and the
result in [3] by Andrews and Baker for the MCF in Euclidean space, Liu, Xu and Zhao considered in [23]
the MCF of submanifolds with higher codimension in the geometrically bounded Riemannian manifold
(N, g) and proved a general convergence theorem. As for other interesting progresses on the MCFs, we
refer the readers to, for example, the references [2], [5], [19], [28], [30] and [31] etc.
Now come back to the curvature flow (1.3). We remark that the flow (1.3) turns out to be another
special interesting case of the so-called “modified mean curvature flow with an external force ” (see (1.1) in
[20]). Besides the standard MCF and (1.3), this modified mean curvature flow with an external force also
has some other important special cases that have been extensively studied by many authors. For example,
the MCF with density (see [6] and [7] for Gaussian MCF in real space forms); that in the Euclidean space
R
n with the external force in the direction of position vector ([12], [29]); and some more general flows in
R
n when the external force is taken to be the gradient of certain smooth functions ψ ∈ C∞(Rn) ([18],
[21] and [22]), which are related to the study of the Ginzburg-Landau vortex ([16] and [17]), or when the
external force is chosen to be a closed conformal vector field ([1] and [26]).
As the first article in our study on the MCF of submanifolds in the Gaussian space, the present paper
will focus on the general evolution trend of the moving submanifold within the regular time interval. In
other words, we shall make some relevant characterizations on how the first singularity of the possible
solution of (1.3) comes.
Now our main theorem in the present paper can be stated as follows:
Theorem 1.1 (The main theorem). Let F0 : M
m → Rm+p be an immersed compact submanifold
satisfying |F0|2 6= m everywhere on Mm. Denote
Tˆ1 :=
m
2(m−max |F0|2)
(
1− e−
1
m
max |F0|
2
)
, Tˆ2 :=
m
2(min |F0|2 −m)
e−
1
m
min |F0|
2
.
Then there exists a maximal regular solution F :Mm × [0, T )→ Rm+p to the flow (1.3). Furthermore,
(1) If min |F0|2 < m, then we have either
T < Tˆ1 and lim
t→T
max |h|2 = +∞
or
T = Tˆ1 and lim
t→Tˆ1
max |F |2 = 0,
namely, Ft(M
m) converges to the origin as t tends to Tˆ1;
(2) If max |F0|2 > m, then we have either T < Tˆ2 and one of the following two holds:
(i) lim
t→T
max |h|2 = +∞;
(ii) lim
t→T
max |F |2 = +∞;
or T = Tˆ2 and lim
t→Tˆ2
min |F |2 = +∞.
We shall also prove some other characterizations of the flow (1.3). For example, a blow-up theorem as
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Theorem 1.2 (see Theorem 5.1). Let F :Mm × [0, T )→ Rm+p be a maximal regular solution of the
curvature flow (1.3) such that |F0|2 6= m everywhere. Then T < +∞ and either
lim
t→T
max |F |2 = +∞, or lim
t→T
max |h|2 = +∞,
and a theorem characterizing how the spherical submanifolds evolve under the flow (1.4):
Theorem 1.3 (see Theorem 4.6). Let F :Mm × [0, T )→ Rm+p be a maximal regular solution of the
flow (1.4) with both a and b being constant. If the initial submanifold F0 :M
m → Rm+p is contained in
a standard hypersphere Sm+p−1(R0) of radius R0 which is centered at the origin, i.e., |F0| ≡ R0, then
Ft(M
m) is always kept on a likewise standard hypersphere. Furthermore,
(1) If (b|F |2 −mc)(0) < 0 and c′ ≥ 0, then
T ≤ T1 :=
m
2ab
(
c(0)
b m−R
2
0
) (1− e− amR20) . (1.5)
Furthermore, in the case that T = T1, Ft(M
m) will be convergent to the origin as t→ T1;
(2) If (b|F |2 −mc)(0) > 0 and c′ ≤ 0, then
T ≤ T2 :=
m
2ab
(
R20 −
c(0)
b m
)e− amR20 . (1.6)
Furthermore, in the case that T = T2, it must hold that lim
t→T2
|Ft|2 = +∞;
(3) If (b|F |2 −mc)(0) = 0 and c is constant, then T = +∞ and Ft(Mm) is always kept on the fixed
standard hypersphere Sm+p−1(R0) for all t ≥ 0.
Theorem 1.3 apparently has the following corollary which characterizes how a standard hypersphere
evolves.
Corollary 1.4 (see Corollary 4.7). Let F : Mn−1 × [0, T ) → Rn be a maximal regular solution to
the flow (1.4) with a, b, c all being constant. Suppose that the initial submanifold F0 : M
n−1 → Rn of
(1.4) is a standard hypersphere centered at the origin, then Ft :M
n−1 → Rn remains a likewise standard
hypersphere for each t ∈ [0, T ). Moreover,
(1) If b|F0|2 < (n − 1)c and T1 is given by (1.5) with R0 = |F0| and m = n − 1, then T = T1 and
lim
t→T1
|Ft|
2 = 0;
(2) If b|F0|
2 > (n − 1)c and T2 is given by (1.6) with R0 = |F0| and m = n − 1, then T = T2 and
lim
t→T2
|Ft|2 = +∞;
(3) If b|F0|2 = (n− 1)c, then T = +∞ and Ft ≡ F0 for all t ≥ 0.
Remark 1.1. For the MCF in the Gaussian space (Rm+p, e−|x|
2/mg), the most natural and interesting
problem for us to study, could be the singular behavior of the limit submanifold of the solution to the
MCF (1.3), on which either the curvature or the position would blow up as is concluded in Theorem
1.2. This problem seems a little more subtle but surely attracting. We reasonably expect that, under
some necessary geometric or analytic conditions on the initial submanifold, the regular submanifolds Ft
(t ∈ [0, T )) given in the flow, possibly after some suitable rescaling and/or a suitable reparameterization
of time, will have a geometrically simple limit, as is seen in the most theorems obtained for the MCF of
submanifolds in the real space forms, particularly in the standard Euclidean space.
To end the introduction, we shall brief the organization of this paper. In Section 2, by using the
well-known trick of DeTurck, we reiterate the process similar to what we did in [20], showing the short-
time existence and uniqueness of the solution to the curvature flow (1.4) (see Theorem 2.2 in section 2).
Section 3 contains only some direct computations that give us the necessary evolution equations for a
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number of basic quantities. Section 4 starts the main part of the paper, providing a few key conclusions
that characterize in part the properties of the concerned flow, which will also be used in the proof of
the main theorem. Section 5 mainly concerns the key estimates together with the argument to reach a
blow-up theorem. In Section 6, the final one, we shall combine all discussions done earlier to complete
the proof of the main theorem (see Theorem 6.1).
2. The short-time existence and the uniqueness of the solution
Same as the standard MCF we have in the literature, Equation (1.4) is generally a degenerate parabolic
partial differential equation. By using the “DeTurck trick ” (see, for example, [4], [10] etc), we are to
prove in this section the short-time existence and uniqueness of solution of (1.4) for each initial immersion
F0 :M
m → Rm+p.
First we need to make some preparations for notations. For a given local coordinate system (ui) on
M and a smooth real-valued or vector-valued function f , write
ei :=
∂
∂ui
, ωi := dui, fi :=
∂
∂ui
(f) ≡
∂f
∂ui
.
Moreover, as done in [20], we always denote by ∇g the Levi-Civita connection of any given Riemannian
metric g onMm. Now arbitrarily fix a metric g˚ and then define a metric-dependent vector fieldW ≡W (g)
on M by W (g) := tr g(∇g − ∇g˚). In particular, if F : Mm → Rm+p is an immersion, then we get an
immersion-dependent vector field W (F ) ≡W (gF ) where gF is the induced metric via F of the standard
metric g on Rm+p.
Introduce the following DeTurck MCF for the flow (1.4):
∂Fˆ
∂t
= e
a
m
|Fˆ |2(cHFˆ + cFˆ∗W (Fˆ ) + bFˆ ), (2.1)
where HFˆ is the mean curvature of the time-dependent immersion Fˆt :M
m → (Rm+p, g). For the given
coordinate system (ui) on M , it holds that
Ft∗(ei) = ei(F ) ≡ Fi, Fˆt∗(ei) = ei(Fˆ ) ≡ Fˆi,
where F and Fˆ on the right hand side are viewed as Rm+p-valued functions. Denote respectively by Γkij
and Γ˚kij the Christoffel symbols for g and g˚ and write
W (g) =W kek = g
ij(Γkij − Γ˚
k
ij)ek.
Then the two flows (1.4) and (2.1) have the following local representations respectively:
∂FA
∂t
= e
a
m
|F |2
(
cgijF F
A
,ij + bF
A
)
(2.2)
∂FˆA
∂t
= e
a
m
|Fˆ |2
(
cgij
Fˆ
FˆA,ij + cFˆ
A
k W
k(Fˆ ) + bFˆA
)
≡ e
a
m
|Fˆ |2
(
cgij
Fˆ
FˆA;ij + bFˆ
A
)
, (2.3)
where the subscript “, ” denotes the covariant derivatives w.r.t. the induced metric gF or gFˆ accordingly,
while the subscript “; ” denotes those w.r.t. the fixed metric g˚. From (2.3) it is clearly seen that
(2.1) is a (nondegenerate) parabolic equation and thus has a short-time existing solution Fˆ = Fˆ (u, t),
(u, t) ∈Mm × [0, T ), according to the standard theory of parabolic equations. So we have a well-defined
time-dependent vector field W =W (Fˆ ) on M for all t ∈ [0, T ).
Now we recall a known existence result as follows:
Lemma 2.1 (see for example [9], p.82, Lemma 3.15). If {Xt : 0 ≤ t < T ≤ ∞} is a continuous time-
dependent family of vector fields on a compact manifold M , then there exists uniquely a one-parameter
family of diffeomorphisms
{ϕt :M →M ; 0 ≤ t < T ≤ ∞}
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defined by ϕ :M × [0, T )→M on the same time interval such that
∂ϕt
∂t
(u) ≡ ϕ∗
(
∂
∂t
)
= Xt(ϕt(u)), ϕ0(u) = u.
for all u ∈M and t ∈ [0, T ).
Substituting X with −ce
a
m
|Fˆ |2W (Fˆ ) we obtain a family of diffeomorphisms ϕt ≡ ϕ(·, t), 0 ≤ t < T ,
on M . Write u˜it = ϕ
i
t(u) (0 ≤ t < T ). Then (u˜
i
t) is a time-dependent family of local coordinate systems
with the parameter t ∈ [0, T ). Define a family of immersions Ft(·) := Fˆ (ϕt(·), t), t ∈ [0, T ). Then it is
easy to see that ϕ∗t gFˆt = gFt .
Given a Riemannian metric g on M and an immersion F : Mm → Rm+p, we always use 〈·, ·〉g to
denote the induced inner product on the vector bundle T rs (M) ⊗ F
∗TN by the metrics g and g, where
T rs (M) is the (r, s)-tensor bundle on M . In particular, we shall omit the subscript g in 〈·, ·〉g when g is
the induced metric by F . From this we compute for any (u, t) ∈Mm × [0, T ),
∂F
∂t
(u, t) ≡F∗
(
∂
∂t
)
(u, t) = Fˆ∗
(
∂
∂t
)
(ϕ(u, t), t) + (Fˆt)∗ ◦ ϕ∗
(
∂
∂t
)
(u, t)
=e
a
m
|Fˆ (ϕ(u,t),t)|2
(
cgij
Fˆ
Fˆ;ij + bFˆ
)
(ϕ(u, t), t)− ce
a
m
|Fˆ (ϕ(u,t),t)|2(Fˆt)∗(W (Fˆ (ϕ(u, t), t)))
=e
a
m
|Fˆ (ϕ(u,t),t)|2
(
cgij
Fˆ
(Fˆ;ij − Fˆk(Γˆ
k
ij − Γ˚
k
ij)) + bFˆ
)
(ϕ(u, t), t)
=e
a
m
|Fˆ (ϕ(u,t),t)|2
(
cgij
Fˆ
Fˆi,j + bFˆ
)
(ϕ(u, t), t)
=e
a
m
|F (u,t)|2
(
cgijF Fi,j + bF
)
(u, t)
≡e
a
m
|F (u,t)|2 (cHF + bF ) (u, t).
This shows that F (u, t) is a solution of the flow (1.4).
Conversely, for a given solution F = F (u, t) of the flow (1.4), we can similarly find another time-
dependent vector field W (F ) with the corresponding one-parameter transformations ϕˆt. Then we obtain
a family of immersions Fˆ (u, t) = F (ϕˆ(u, t), t) which solve the DeTurck mean curvature flow (2.1).
The above argument and the uniqueness of the solution of (2.1) gives the following existence and
uniqueness theorem:
Theorem 2.2. For any immersion F0 : M
m → Rm+p, there exists a maximal T : 0 < T ≤ +∞ with
a unique smooth solution F :Mm × [0, T )→ Rm+p to the flow (1.4).
3. Basic evolution formulae
From now on, we shall use (xA) to denote the standard coordinates on the standard Euclidean space
(Rm+p, g). For our readers’ convenience, we are to derive in this section the basic evolution formulas, with
respect to the flow (1.4), for the induced metric g, the second fundamental form h, the mean curvature
H , and so on.
For a given T , 0 < T ≤ +∞, let F : Mm × [0, T ) → Rm+p be a smooth map such that, for each
t ∈ [0, T ), Ft : Mm → Rm+p is an immersion. Then the pull-back bundle F ∗TRm+p → M × [0, T ) can
be decomposed into two subbundles orthogonal to each other: the tangential part T = Ft∗(TM) and the
normal part N = T⊥FtM . By Ft∗ and T , we can define a “horizontal distribution ” H onM × [0, T ), which
has also been defined as H = {v ∈ T (M × [0, T )); dt(v) = 0} (see [3] or [4]). Then, according to [3], there
are connections ∇ on H and ∇⊥ on N , respectively, naturally induced by projections from the pull-back
connection ∇F
∗TRm+p . In particular, these two connections are both compatible to the relevant bundle
metrics.
THE MEAN CURVATURE FLOW IN THE GAUSSIAN SPACE 7
Now we suppose that F is a solution of (1.4). Fix a local coordinate system (ui) on M and let {eα}
be an orthonormal normal frame field of F (·, t). Denote
ei =
∂
∂ui
, Fi ≡
∂F
∂ui
= F∗(ei), gij = 〈Fi, Fj〉, (g
ij) = (gij)
−1,
and
∇ej (F∗ei) =
∑
Γkij(F∗ek) +
∑
hαijeα,
∇tei := ∇ ∂
∂t
ei =
∑
Γjitej, ∇
⊥
t eα := ∇
⊥
∂
∂t
eα =
∑
Γβαteβ,
where Γjit is given by
∇ ∂
∂t
F∗ei =
∑
ΓjitFj +
∑
Γαiteα.
Since
∇t(F∗ei) =∇ei
(
F∗
∂
∂t
)
+ F∗
([ ∂
∂t
, ei
])
= ∇ei
(
e
a
m
|F |2(cH + bF )
)
=
a
m
e
a
m
|F |2 |F |2i (cH + bF ) + e
a
m
|F |2(c∇eiH + b∇eiF )
=e
a
m
|F |2
(
ab
m
|F |2iF
⊤ − cAH(ei) + bFi
)
+ e
a
m
|F |2
(
ab
m
|F |2iF
⊥ +
ac
m
|F |2iH + cH,i
)
, (3.1)
we have
F∗(∇tei) =(∇t(F∗ei))
⊤ = e
a
m
|F |2
(
ab
m
|F |2iF
⊤ − cAH(ei) + bFi
)
=e
a
m
|F |2
((
ab
2m
|F |2i |F |
2
k − c
∑
Hαhαik
)
gkj + bδji
)
Fj , (3.2)
or, equivalently,
Γjit = e
a
m
|F |2
((
ab
2m
|F |2i |F |
2
k − c
∑
Hαhαik
)
gkj + bδji
)
. (3.3)
By (3.1) we also have
∇teα =
∑
〈∇teα, Fi〉g
ijFj +
∑
〈∇teα, eβ〉eβ
=−
∑
〈eα,
(
∇tF∗(ei)
)⊥
〉gijFj +
∑
Γβαteβ
=− e
a
m
|F |2
(
ab
m
|F |2i 〈F, eα〉+
ac
m
|F |2iH
α + cHα,i
)
gijFj + Γ
β
αteβ. (3.4)
Moreover, by a direct computation we find that
∂
∂t
gij = e
a
m
|F |2
(ab
m
|F |2i |F |
2
j − 2c〈H,hij〉+ 2bgij
)
. (3.5)
It follows that
∂
∂t
gij = −e
a
m
|F |2gikglj
(ab
m
|F |2k|F |
2
l − 2c〈H,hkl〉+ 2bgkl
)
. (3.6)
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To obtain the evolution of the second fundamental form h, we first find
∇⊥t hij =
(
∂
∂t
Fi,j
)⊥
=
(
∂
∂t
Fij − Γ
k
ij
∂
∂t
Fk
)⊥
=
((
∂F
∂t
)
ij
− Γkij
(
∂F
∂t
)
k
)⊥
=
((
∂F
∂t
)
i,j
)⊥
=
(
(e
a
m
|F |2(cH + bF )),ij
)⊥
=
((
e
a
m
|F |2
(2ac
m
〈F, Fi〉H +
2ab
m
〈F, Fi〉F + cHi + bFi
))
,j
)⊥
=
(
2a
m
e
a
m
|F |2〈F, Fj〉
(2ac
m
〈F, Fi〉H +
2ab
m
〈F, Fi〉F + cHi + bFi
))⊥
+
(
e
a
m
|F |2
(2ac
m
(
〈Fj , Fi〉+ 〈F, Fi,j〉
)
H +
2ac
m
〈F, Fi〉Hj +
2ab
m
(
〈Fj , Fi〉+ 〈F, Fi,j〉
)
F
+
2ab
m
〈F, Fi〉Fj + cHi,j + bFi,j
))⊥
=
2a
m
e
a
m
|F |2〈F, Fj〉
(2ac
m
〈F, Fi〉H +
2ab
m
〈F, Fi〉F
⊥ + cH,i
)
+ e
a
m
|F |2
(2ac
m
(
gij + 〈F, hij〉
)
H +
2ac
m
〈F, Fi〉H,j +
2ab
m
(
gij + 〈F, hij〉
)
F⊥ + cH,ij + bhij
)
− ce
a
m
|F |2〈hil, H〉g
klhkj
=
a
m
e
a
m
|F |2
( a
m
|F |2i |F |
2
j + 2gij + 2〈F, hij〉
)
(cH + bF⊥)
+
ac
m
e
a
m
|F |2
(
|F |2iH,j + |F |
2
jH,i
)
+ e
a
m
|F |2
(
cH,ij + bhij
)
− ce
a
m
|F |2〈hil, H〉g
klhkj . (3.7)
Then by definition and (3.3), we obtain
∇thij =∇
⊥
t hij − hkjΓ
k
it − hikΓ
k
jt
=
a
m
e
a
m
|F |2
( a
m
|F |2i |F |
2
j + 2gij + 2〈F, hij〉
)
(cH + bF⊥)
+
ac
m
e
a
m
|F |2
(
|F |2iH,j + |F |
2
jH,i
)
+ e
a
m
|F |2
(
cH,ij − bhij
)
−
ab
2m
e
a
m
|F |2(h(∇|F |2, ej)|F |
2
i + h(∇|F |
2, ei)|F |
2
j ) + ce
a
m
|F |2
∑
Hαhαjlhikg
kl.
The last equation can also be obtained by the time-like Codazzi equation given in (18) of [4]. Since
hij,kl =hkl,ij +
(
(hβklh
β
pj − h
β
kjh
β
pl)hmi + (h
β
ilh
β
pj − h
β
ijh
β
pl)hkm
− hβkih
β
lphjm + h
β
kih
β
jphlm
)
gpm, (3.8)
we have
∆hij =H,ij +H
βhβjkhilg
kl
+
(
2hβkih
β
jphlm − h
β
kjh
β
plhmi − h
β
ijh
β
plhkm − h
β
kih
β
lphjm
)
gklgpm. (3.9)
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It follows that
∇thij =ce
a
m
|F |2∆hij +
a
m
e
a
m
|F |2
( a
m
|F |2i |F |
2
j + 2gij + 2〈F, hij〉
)
(cH + bF⊥)
+
ac
m
e
a
m
|F |2
(
|F |2iH,j + |F |
2
jH,i
)
− be
a
m
|F |2hij
−
ab
2m
e
a
m
|F |2(h(∇|F |2, ej)|F |
2
i + h(∇|F |
2
, ei)|F |
2
j )
+ ce
a
m
|F |2
(
hβkjh
β
plhmi + h
β
ijh
β
plhkm + h
β
kih
β
lphjm − 2h
β
kih
β
jphlm
)
gklgpm. (3.10)
Thus
∇⊥t H =ce
a
m
|F |2∆H +
a
m
e
a
m
|F |2
( a
m
|∇|F |2|2 + 2m+ 2〈F,H〉
)
(cH + bF⊥)
+
2ac
m
e
a
m
|F |2∇⊥∇|F |2H − be
a
m
|F |2H
−
ab
m
e
a
m
|F |2h(∇|F |2,∇|F |2) + ce
a
m
|F |2
∑
Hαhαjlhikg
ijgkl. (3.11)
To make things simple, we shall call a quantity C to be g-constant (resp. g,F -constant) if it can
be expressed as a polynomial of the induced metric g (resp. of g and F ) with constant coefficients.
Then, for two given (possibly Rm+p-valued) tensors S and T , we can follow the convention of Hamilton
([13]) and Huisken ([14]) to simply denote by S ∗ T any g-constant-linear combination of tensors formed
by contracting the tensor product of S and T w.r.t. g, and/or the standard inner product on Rm+p.
Moreover, we shall always write, accordingly, h2, h3, (∇h)2, (∇h)3 and so on for h ∗h, h ∗h ∗h, ∇h ∗∇h,
∇h ∗ ∇h ∗ ∇h and so on. Thus by (3.10) we can write
∇th
α
ij =ce
a
m
|F |2∆hαij + e
a
m
|F |2
(
∇|F |2 · ∇|F |2 + F⊥ ∗ h+ g
)
ij
(Hα + bFα)
+ be
a
m
|F |2
(
(∇|F |2 ∗ h) · ∇|F |2 + h
)α
ij
+ e
a
m
|F |2
(
∇|F |2 · ∇H + h3
)α
ij
≡ce
a
m
|F |2∆hαij + e
a
m
|F |2
(
(∇|F |2)2 ∗ h+∇|F |2 ∗ ∇h+ F⊥ ∗ h2 + g ∗ h+ h3
)α
ij
+ be
a
m
|F |2
(
(∇|F |2)2 + F⊥ ∗ h+ g
)
ij
Fα, (3.12)
where we write Fα ≡ 〈F, eα〉 as the normal component of the position vector F . Furthermore, since
∆|h|2 = 2
∑
gikgjlhαkl∆h
α
ij + 2|∇h|
2,
it follows that
∂
∂t
|h|2 =ce
a
m
|F |2∆|h|2 − 2ce
a
m
|F |2 |∇h|2
+ e
a
m
|F |2
(
(∇|F |2)2 ∗ h2 +∇|F |2 ∗ h ∗ ∇h+ F⊥ ∗ h3 + h2 + h4
)
+ be
a
m
|F |2
(
(∇|F |2)2 ∗ (F⊥ ∗ h) + (F⊥ ∗ h)2 + F⊥ ∗ h
)
=e
a
m
|F |2
(
c∆|h|2 − 2c|∇h|2 + C1 ∗ ∇h+ C2
)
, (3.13)
where C1 and C2 are polynomials of g, F,∇F and h.
4. Some of the key results used for the main theorem
In this section we shall provide some basic but important facts for the flow (1.4), from which one can
further make a close observation on how this flow behaves generally and then find more properties of it.
In fact, some of the conclusions given in this section and ones given in the next section will be used later
as the key part in the proof of the main theorem of the present paper.
Let F : Mm × [0, T ) → Rm+p be a smooth solution of the flow (1.4) with [0, T ) being the maximal
time interval of existence, where T ≤ +∞.
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First of all, from (1.4) the following basic evolution formula is easily derived:
∂
∂t
|F |2 = e
a
m
|F |2
(
c∆|F |2 + 2(b|F |2 −mc)
)
, (4.1)
by which we can prove
Proposition 4.1. Let F : Mm × [0, T ) → Rm+p be a solution of the flow (1.4). If ( cb )
′ ≥ 0 and
|F0|2 −
c
b (0)m < 0, then for any ε ∈ (0,
c
b (0)m −max |F0|
2), we have |Ft|2 −
c
bm < −ε for all t > 0 as
long as Ft′ keeps an immersion for each t
′ ∈ [0, t).
Proof. We prove this proposition by contradiction. In fact, by the compactness of Mm we know
that
|F0|
2 −
c
b
(0)m ≤ max |F0|
2 −
c
b
(0)m < −ε on Mm.
If there exist u0 ∈Mm and t0 > 0 such that(
|F |2 −
c
b
m
)
(u0, t0) ≥ −ε,
then we can find the smallest t1 ∈ (0, t0] such that, for this t1, there exists a u1 ∈Mm satisfying(
|F |2 −
c
b
m
)
(u1, t1) = −ε,
(
|F |2 −
c
b
m
)
|M×[0,t1)< −ε.
Hence, (
∂
∂t
|F |2 −m
(c
b
)′)
(u1, t1) ≥ 0,
(
∆|F |2
)
(u1, t1) ≤ 0.
So at the point (u1, t1) we have
0 ≤m
(c
b
)′
≤
∂
∂t
|F |2
=e
a
m
|F |2
(
c∆|F |2 + 2b
(
|F |2 −
c
b
m
))
=e
a
m
|F |2(c∆|F |2 − 2bε) < 0.
It’s a contradiction and the proposition is proved. ⊔⊓
Similarly, we can prove
Proposition 4.2. Let F : Mm × [0, T ) → Rm+p be a solution of the flow (1.4). If
(
c
b
)′
≤ 0 and
|F0|2 −
c
b (0)m > 0, then for any ε ∈ (0,min |F0|
2 − cb (0)m), we have |Ft|
2 − cbm > ε for all t > 0 as long
as Ft′ keeps an immersion for each t
′ ∈ [0, t).
The following corollary comes directly from Proposition 4.1 and Proposition 4.2:
Corollary 4.3. Let F : Mm × [0, T ) → Rm+p be a solution of the flow (1.4), and suppose that
c
b = const.
(1) If |F0|2 <
c
bm, then |Ft|
2 < cbm for all t > 0 as long as Ft′ keeps an immersion for each t
′ ∈ [0, t);
(2) If |F0|2 >
c
bm, then |Ft|
2 > cbm for all t > 0 as long as Ft′ keeps an immersion for each t
′ ∈ [0, t).
The next lemma will be used for a key observation from which we can obtain that the flow (1.4) keeps
invariant the state of the flowing submanifolds being on standard hyperspheres.
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Lemma 4.4. Let F :Mm × [0, T )→ Rm+p be a solution of the flow (1.4). Then, when viewed as an
R
m+p-valued function, the gradient vector ∇|F |2 meets the following evolution equation:
1
2
∂
∂t
∇|F |2 =
1
2
ce
a
m
|F |2∆(∇|F |2)− ce
a
m
|F |2gkl(∇|F |2)i,khil
+
1
2
ce
a
m
|F |2gij
(
gkl〈h(∇|F |2, Fk), hil〉+ 〈h(∇|F |
2, Fi), H〉
)
Fj
+ e
a
m
|F |2
( a
m
(
c〈F,H〉+ b|F |2
)
+
1
2
b−
ab
2m
|∇|F |2|2
)
∇|F |2
+
a
2m
e
a
m
|F |2
(
cH + bF
)
|∇|F |2|2 −
1
2
ce
a
m
|F |2Ric(∇|F |2). (4.2)
Proof. The only thing that needs to do is a direct computation. Since
1
2
∇|F |2 = 〈F, Fi〉g
ijFj ,
we find
1
2
∂
∂t
∇|F |2 =
( ∂
∂t
gij
)
〈F, Fi〉Fj + g
ij
〈∂F
∂t
, Fi
〉
Fj
+ gij
〈
F,
( ∂
∂t
Fi
)〉
Fj + g
ij〈F, Fi〉
( ∂
∂t
Fj
)
. (4.3)
Then
∂
∂t
Fi =
(∂F
∂t
)
i
=
(
e
a
m
|F |2
(
cH + bF
))
i
=e
a
m
|F |2
(2a
m
〈F, Fi〉
(
cH + bF
)
+
(
cHi + bFi
))
. (4.4)
Inserting (3.6) and (4.4) into (4.3), we have
1
2
∂
∂t
∇|F |2 =e
a
m
|F |2
(
gikgjl
(
2c〈H,hkl〉 −
ab
m
|F |2k|F |
2
l − 2bgkl
)1
2
|F |2iFj
+ b〈F, Fi〉g
ijFj + g
ij
(2ac
m
〈F,H〉 +
2ab
m
|F |2
)
〈F, Fi〉Fj
+ gij
(
c〈F,Hi〉+ b〈F, Fi〉
)
Fj +
1
2
gij |F |2i
( a
m
|F |2j(cH + bF ) + (cHj + bFj)
))
=ce
a
m
|F |2〈F,Hi〉g
ijFj + e
a
m
|F |2
(
cgij
〈
h(∇|F |2, Fi), H
〉
Fj
+
( a
m
(
c〈F,H〉+ b|F |2
)
+
1
2
b−
ab
2m
|∇|F |2|2
)
∇|F |2
+
a
2m
|∇|F |2|2(cH + bF ) +
1
2
c(∇|F |2)iHi
)
. (4.5)
Since
〈F,Hi〉 = 〈F, (Hi)
⊥〉+ 〈F⊤, Hi〉, (4.6)
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and
〈F, (Hi)
⊥〉 =〈F,H,i〉 = 〈F, g
klhkl,i〉 = 〈F, hik,l〉g
kl
=〈F⊥, Fi,kl〉g
kl =
〈
F − 〈F, Fp〉g
pqFq, Fi,kl
〉
gkl
=
(
〈F, Fi,k〉,l − 〈Fl, Fi,k〉
)
gkl − gpqgkl〈F, Fp〉
(
〈Fq , Fi,k〉,l − 〈Fq,l, Fi,k〉
)
=
(
〈F, Fi〉,kl − 〈Fk, Fi〉,l
)
gkl + gpqgkl〈F, Fp〉〈hql, hik〉
=
1
2
|F |2i,klg
kl +
1
2
gklgpq|F |2p〈hql, hik〉
=
1
2
∆(|F |2i ) +
1
2
gkl
〈
h(∇|F |2, Fk), hil
〉
,
〈F⊤, Hi〉 =− 〈h(F
⊤, Fi), H〉 = −
1
2
〈h(∇|F |2, Fi), H〉, (4.7)
we can find
〈F,Hi〉 =
1
2
∆
(
|F |2i
)
+
1
2
gkl
〈
h(∇|F |2, Fk), hil
〉
−
1
2
〈
h(∇|F |2, Fi), H
〉
. (4.8)
Then it follows that
〈F,Hi〉g
ijFj =
1
2
gij∆(|F |2i )Fj +
1
2
gijgkl〈h(∇|F |2, Fk), hil〉Fj
−
1
2
gij〈h(∇|F |2, Fi), H〉Fj .
Putting the above equality into (4.5) we obtain
1
2
∂
∂t
∇|F |2 =
1
2
ce
a
m
|F |2gij∆(|F |2i )Fj
+
1
2
ce
a
m
|F |2gij
(
gkl〈h(∇|F |2, Fk), hil〉+ 〈h(∇|F |
2, Fi), H〉
)
Fj
+ e
a
m
|F |2
(( a
m
(c〈F,H〉 + b|F |2) +
1
2
b−
ab
2m
|∇|F |2|2
)
∇|F |2
+
a
2m
|∇|F |2|2(cH + bF ) +
1
2
c(∇|F |2)iHi
)
. (4.9)
On the other hand, viewing ∇|F |2 as an Rm+p-valued function on Mm, we can compute its Laplacian
as follows:
∆(∇|F |2) =gkl
(
gij |F |2iFj
)
k,l
= gijgkl
(
|F |2i,klFj + |F |
2
i,kFj,l + |F |
2
i,lFj,k + |F |
2
iFj,kl
)
=gij∆(|F |2i )Fj + 2g
ijgkl
(
∇2|F |2
)
ik
hjl + g
ij(∇|F |2)i∆
(
Fj
)
=gij∆(|F |2i )Fj + 2g
kl(∇|F |2)i,khil + (∇|F |
2)iHi +Ric(∇|F |
2), (4.10)
where Ric : TM → TM denotes the field of linear transformations induced by the Ricci tensor, and the
following equality has been used:
∆(Fj) =
∑
gklFj,kl = Hj +
∑
Fig
klRikjl = Hj +Ric(Fj).
Therefore we conclude that
1
2
∂
∂t
∇|F |2 =
1
2
ce
a
m
|F |2∆(∇|F |2)− ce
a
m
|F |2gkl(∇|F |2)i,khil
+
1
2
ce
a
m
|F |2gij
(
gkl〈h(∇|F |2, Fk), hil〉+ 〈h(∇|F |
2, Fi), H〉
)
Fj
+ e
a
m
|F |2
( a
m
(
c〈F,H〉+ b|F |2
)
+
1
2
b−
ab
2m
|∇|F |2|2
)
∇|F |2
+
a
2m
e
a
m
|F |2
(
cH + bF
)
|∇|F |2|2 −
1
2
ce
a
m
|F |2Ric(∇|F |2). (4.11)
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⊔⊓
For any given solution F : Mm × [0, T ) → Rm+p to the flow (1.4), we can accordingly construct the
following parabolic equation for the tangent vector field X which is taken as an Rm+p-valued function
on Mm:
∂
∂t
X = ce
a
m
|F |2∆X +Q(F,X,∇X), (4.12)
where, by writing
X =
∑
X i
∂
∂ui
, ∇iX =
∑
Xj,i
∂
∂uj
,
the Rm+p-valued function Q(F,X,∇X) is defined by
Q(F,X,∇X) :=− 2ce
a
m
|F |2gklX i,khil
+ ce
a
m
|F |2gij
(
gkl〈h(X,Fk), hil〉+ 〈h(X,Fi), H〉
)
Fj
+ e
a
m
|F |2
(2a
m
(
c〈F,H〉 + b|F |2
)
+ b−
ab
m
|X |2
)
X
+
a
m
e
a
m
|F |2
(
cH + bF
)
|X |2 − ce
a
m
|F |2Ric(X). (4.13)
Clearly, Q(F,X,∇X) is smooth in F , X and satisfies that Q(F,X,∇X) |X≡0= 0.
From (4.2), it is easily seen that both X ≡ 0 and X = ∇|F |2 are solutions of (4.12). Then the
uniqueness of the solution to the parabolic equation (4.12) directly gives the following proposition:
Proposition 4.5. Let F : Mm × [0, T ) → Rm+p be a solution of the flow (1.4). If the initial
submanifold F0 : M
m → Rm+p lies on a standard hypersphere centered at the origin, then Ft(Mm)
always lies on a likewise standard hypersphere for all t ∈ (0, T ) as long as Ft′ keeps an immersion for
each t′ ∈ [0, t].
Suppose that the initial submanifold F0 : M
m → Rm+p satisfies ∇|F0|2 ≡ 0, that is F0(Mm) ⊂
S
m+p−1(R0), where R0 = |F0| > 0. Let δ > 0 be such that Ft is an immersion for all t ∈ [0, δ). Then by
Proposition 4.5, R := |F | is only a function of the time t. From (4.1), we have an ODE as
(R2)′ = 2e
a
m
R2(bR2 −mc). (4.14)
Now assume that both a and b are constant. Then from (4.14) it follows that
e−
a
m
R2(R2)′ = 2(bR2 −mc)
or, equivalently, (
e−
a
m
R2
)′
= −
2ab
m
(
R2 −
c
b
m
)
.
(1) If
(
R2 − cbm
)
(0) < 0 and c′ ≥ 0 then, by Proposition 4.1, for any ε ∈ (0, c(0)b m−R
2
0),(
R2 −
c
b
m
)
(t) < −ε < 0, ∀t ∈ [0, δ).
Hence (
e−
a
m
R2
)′
= −
2ab
m
(
R2 −
c
b
m
)
>
2ab
m
ε > 0.
Integrate two sides of the above inequality on [0, t], we have
e−
a
m
R2 − e−
a
m
R20 >
2ab
m
εt,
that is,
e−
a
m
R2 >
2ab
m
εt+ e−
a
m
R20 , (4.15)
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implying that
1− e−
a
m
R20 ≥ e−
a
m
R2 − e−
a
m
R20 >
2ab
m
εt. (4.16)
Therefore, we obtain that
t <
m
2εab
(
1− e−
a
m
R20
)
, ∀ε ∈
(
0,
c(0)
b
m−R20
)
.
Let ε→ c(0)b m−R
2
0, we get
t ≤ T1 :=
m
2ab
(
c(0)
b m−R
2
0
) (1− e− amR20) , ∀t ∈ [0, δ). (4.17)
In particular, we have δ ≤ T1. Moreover, by (4.15) it also holds that
−
a
m
R2 > log
(
2εab
m
t+ e−
a
m
R20
)
, ∀ε ∈
(
0,
c(0)
b
m−R20
)
,
or, equivalently, for any ε ∈ (0, c(0)b m−R
2
0),
R2 < log
(
2εab
m
t+ e−
a
m
R20
)−m
a
.
Taking the limit as ε→ c(0)b m−R
2
0, we find
R2 ≤ log

2ab
(
c(0)
b m−R
2
0
)
m
t+ e−
a
m
R20


−m
a
.
Therefore, in the case of δ = T1, it must hold that
lim
t→T1
R2 = 0.
(2) If
(
R2 − cbm
)
(0) > 0 and c′ ≤ 0 then, by Proposition 4.2, for any ε ∈
(
0, R20 −
c(0)
b m
)
,(
R2 −
c
b
m
)
(t) > ε > 0, ∀t ∈ [0, δ).
So that (
e−
a
m
R2
)′
= −
2ab
m
(
R2 −
c
b
m
)
< −
2ab
m
ε < 0.
Integrate two sides of the above inequality on [0, t], we have
e−
a
m
R2 − e−
a
m
R20 < −
2ab
m
εt, (4.18)
or,
0 < e−
a
m
R2 < −
2ab
m
εt+ e−
a
m
R20 . (4.19)
The last inequality shows that
t <
m
2εab
e−
a
m
R20 , ∀ε ∈
(
0, R20 −
c(0)
b
m
)
.
Letting ε tend to R20 −
c(0)
b m, we find
t ≤ T2 :=
m
2ab
(
R20 −
c(0)
b m
)e− amR20 , ∀t ∈ [0, δ), (4.20)
implying that δ ≤ T2. Furthermore, by (4.19) we also know that, for any ε ∈ (0, R20 −
c(0)
b m),
−
a
m
R2 < log
(
−
2εab
m
t+ e−
a
m
R20
)
,
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or, equivalently,
R2 > log
(
−
2εab
m
t+ e−
a
m
R20
)−m
a
.
Take the limit as ε→ R20 −
c(0)
b m. It follows that
R2 ≥ log

−2ab
(
R20 −
c(0)
b m
)
m
t+ e−
a
m
R20


−m
a
.
Therefore, in the case of δ = T2, it must hold that
lim
t→T2
R2 = +∞.
Due to Proposition 4.5, the above argument has proved the following conclusion:
Theorem 4.6. Let F : Mm × [0, T )→ Rm+p be a smooth solution of the flow (1.4) with both a and
b being constant, and T be maximal. Suppose that δ ∈ (0, T ] is the largest number such that, for all
t ∈ [0, δ), Ft is an immersion. If the initial submanifold F0 : M
m → Rm+p is contained in a standard
hypersphere Sm+p−1(R0) of radius R0 which is centered at the origin, i.e., |F0| ≡ R0, then Ft(Mm) is
always kept on a likewise standard hypersphere. Furthermore,
(1) If (b|F |2 −mc)(0) < 0 and c′ ≥ 0, then
δ ≤ T1 =
m
2ab
(
c(0)
b m−R
2
0
) (1− e− amR20) .
Furthermore, in the case of δ = T1, Ft(M
m) will be convergent to the origin as t→ T1;
(2) If (b|F |2 −mc)(0) > 0 and c′ ≤ 0, then
δ ≤ T2 =
m
2ab
(
R20 −
c(0)
b m
)e− amR20 .
Furthermore, in the case of δ = T2, it must hold that lim
t→T2
|Ft|2 = +∞;
(3) If (b|F |2 −mc)(0) = 0 and c is constant, then δ = +∞ and Ft(Mm) is kept on the fixed standard
hypersphere Sm+p−1(R0) for all t ≥ 0.
Remark 4.1. The conclusion (3) comes directly due to the uniqueness of solutions to the ODE (4.14).
Corollary 4.7. Let F :Mn−1× [0, T )→ Rn be a smooth solution of the flow (1.4) with a, b, c all being
constant, and T be maximal. Suppose that δ ∈ (0, T ] is the largest number such that, for all t ∈ [0, δ), Ft
is an immersion, and that the initial submanifold F0 : M
n−1 → Rn of (1.4) is a standard hypersphere
centered at the origin, then Ft :M
n−1 → Rn remains a likewise standard hypersphere for each t ∈ [0, δ).
Moreover,
(1) If b|F0|2 < (n − 1)c and T1 is given by (4.17) with R0 = |F0| and m = n − 1, then δ = T1 and
lim
t→T1
|Ft|2 = 0;
(2) If b|F0|2 > (n − 1)c and T2 is given by (4.20) with R0 = |F0| and m = n − 1, then δ = T2 and
lim
t→T2
|Ft|2 = +∞;
(3) If b|F0|2 = (n− 1)c, then δ = +∞ and Ft ≡ F0 for all t ≥ 0.
Proof. Clearly, by Theorem 4.6, Ft is always a standard hypersphere centered at the origin for all
t ∈ [0, δ). Note that all the standard hyperspheres do not have any singularity point.
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Case (1) b|F0|2 < (n − 1)c. Since, for every t < T1, Ft remains an immersion, it must hold by
Proposition 4.1 that b|Ft|2 < (n− 1)c, which can be in turn viewed as a new initial submanifold of (1.4).
This allows us to use the conclusion (1) of Theorem 4.6 to obtain that δ = T1 and lim
t→T1
|F |2 = 0.
Case (2) b|F0|2 > (n− 1)c. Then the similar argument to that in Case (1) will show the conclusion.
Case (3) b|F0|2 = (n− 1)c. Then the conclusion comes directly from Theorem 4.6(3). ⊔⊓
In Corollary 4.7, let n = m + p, c = mm+p−1 , b = 1, and a =
m+p−1
m . Then, by (4.14), we can obtain
the following initial problem of ODE:
1
2
dR2
dt
= e
1
m
R2(R2 −m), R2(0) = R20 (4.21)
for a given positive number R0.
On the other hand, from the flow (1.3), we also have
1
2
∂
∂t
|F |2 = e
1
m
|F |2(
1
2
∆|F |2 + |F |2 −m).
It then follows that
1
2
∂
∂t
(|F |2 −R2) =
1
2
e
1
m
|F |2∆(|F |2 −R2) + e
1
m
|F |2(|F |2 −m)− e
1
m
R2(R2 −m) (4.22)
=
1
2
e
1
m
|F |2∆(|F |2 −R2) + e
1
m
|F |2(|F |2 −R2) + (e
1
m
|F |2 − e
1
m
R2)(R2 −m), (4.23)
where R = R(t) satisfies (4.21).
The above equations (4.22) and (4.23) will be used to prove the following proposition:
Proposition 4.8. Let F : Mm × [0, δ) → Rm+p and R2 = R2(t) be determined respectively by (1.3)
and (4.21). Suppose that Ft is an immersion for all t ∈ [0, δ). Denote
T1 =
m
2(m−R20)
(
1− e−
1
m
R20
)
, T2 =
m
2(R20 −m)
e−
1
m
R20 . (4.24)
(1) If |F0|
2 < m then, for any R20 ∈
(
max |F0|
2, 12 (m+max |F0|
2)
)
and any ε ∈ (0, R20 −max |F0|
2), it
holds that |F |2 −R2 < −ε for all t ∈ [0, δ) ∩ [0, T1);
(2) If |F0|2 > m then, for any R20 ∈
(
1
2 (m+min |F0|
2),min |F0|2
)
and any ε ∈ (0,min |F0|2 − R20), it
holds that |F |2 −R2 > ε for all t ∈ [0, δ) ∩ [0, T2).
Proof. (1) If |F0|2 < m, then by the compactness and connectedness of M , we have max |F0|2 < m.
For any R20 ∈
(
max |F0|2,
1
2 (m+max |F0|
2)
)
and any ε ∈ (0, R20 − max |F0|
2), we have |F0|2 − R20 ≤
max |F0|
2 − R20 < −ε. Moreover R
2 = R2(t) is well-defined in [0, T1) due to the argument given before
Theorem 4.6, and the continuity of the function |F |2 − R2 assures that |F |2 − R2 < −ε for sufficiently
small t > 0. On the other hand, as long as we have |F |2 −R2 < 0 on some interval [0, t0), then by (4.22)
and the Lagrange mean value theorem, we obtain that
∂
∂t
(|F |2 −R2) < e
1
m
|F |2∆(|F |2 −R2), ∀t ∈ [0, t0).
From the maximum principle of parabolic equations, it follows that
|F |2 −R2 ≤ max |F0|
2 −R20 < −ε
on Mm × [0, t0).
If the conclusion (1) is wrong, then there exists a first time t0 > 0 such that
max |Ft0 |
2 −R2(t0) = |F |
2(u0, t0)−R
2(t0) = −ε < 0
for some point u0 ∈ Mm. Since |F |2 − R2 is a continuous function of the time t, there must also be
some t1 > t0 such that |F |2 −R2 < 0 on the whole interval [0, t1). According to the previous argument,
THE MEAN CURVATURE FLOW IN THE GAUSSIAN SPACE 17
it must hold that |F |2 − R2 < −ε for all t ∈ [0, t1). In particular, we can obtain a strict inequality
|Ft0 |
2−R2(t0) < −ε, which contradicts to the equality that max |Ft0 |
2−R2(t0) = −ε and the conclusion
is thus proved.
(2) If |F0|2 > m then, once again, we can use the compactness and connectedness of M to conclude
that min |F0|
2 > m. For any R20 ∈
(
1
2 (m+min |F0|
2),min |F0|
2
)
and any ε ∈ (0,min |F0|
2−R20), we have
|F0|2 −R20 ≥ min |F0|
2 − R20 > ε. Moreover, the function R
2 = R2(t) is well-defined in [0, T2) due to the
argument given before Theorem 4.6. Now we are able to claim that |F |2−R2 > ε for all t ∈ [0, δ)∩ [0, T2).
Otherwise there must exist a first time t0 > 0 and a corresponding point u0 ∈Mm such that
min |Ft0 |
2 −R2(t0) = (|F |
2 −R2)(u0, t0) = ε. (4.25)
Note, by the argument given before Theorem 4.6, it follows that R2(t0) −m > 0. Hence by (4.23) and
(4.25) we have
0 ≥
1
2
∂
∂t
(|F |2 −R2)(u0, t0)
=
1
2
e
1
m
|F |2(u0,t0)∆(|F |2 −R2) |(u0,t0) +e
1
m
|F |2(u0,t0)(|F |2 −R2)(u0, t0)
+ (e
1
m
|F |2 − e
1
m
R2) |(u0,t0) (R
2(t0)−m)
≥e
1
m
|F |2(u0,t0)ε+ e
1
m
R2(t0)(e
1
m
ε − 1)(R2(t0)−m) > 0.
which is impossible! This completes the proof of the conclusion (2). ⊔⊓
Combining Corollary 4.7 and Proposition 4.8 we know that, the maximal time interval for the existence
of the regular solution to the flow (1.3) with |F0|2 6= m is not larger than that of the origin-centered
standard hyperspheres whose radii satisfy the equation (4.21), while the maximal existence time of the
latter with |R0|2 6= m is finite by Corollary 4.7, thus we can easily obtain the finiteness of singular time
as follows:
Corollary 4.9. Let F : Mm × [0, δ) → Rm+p be a solution to the flow (1.3). Suppose that, for each
t ∈ [0, δ), Ft is an immersion. If |F0|2 6= m everywhere on Mm, then δ < +∞.
Corollary 4.9 will be used for the blow-up argument in the next section.
5. Higher-order derivative estimates and the blow-up argument
This section is one of the key parts in the proof of the main theorem of the present paper. First of
all, note that the existence and the uniqueness of the maximal solution are given by Theorem 2.2. In
what follows, after giving some necessary estimates both for the higher order derivatives of the second
fundamental form and for those of the solution F itself, we are devoted to prove the following finite time
blow-up theorem:
Theorem 5.1. Let F : Mm × [0, T ) → Rm+p, T ≤ +∞, be a maximal regular solution of the
curvature flow (1.3) such that |F0|2 6= m everywhere. Then T < +∞ and either lim
t→T
max |F |2 = +∞ or
lim
t→T
max |h|2 = +∞.
The following Young’s inequality is frequently used in our estimation later:
Lemma 5.2 (Young’s inequality). Let a and b be two nonnegative real numbers and p and q be positive
real numbers such that 1/p+ 1/q = 1. Then
ab ≤ εp
ap
p
+
1
εq
bq
q
, ∀ε > 0.
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The equality holds if and only if εp+qap = bq. In particular, we have the following so-called Peter-Paul
inequality:
2ab ≤ εa2 +
1
ε
b2
for any ε > 0.
Lemma 5.3. For any l ≥ 1 it holds that
∇l
(
e
a
m
|F |2
)
= e
a
m
|F |2

 l∑
p=1
∑
r1+···+rp=l
Cr1···rp∇
r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2

 , (5.1)
where Cr1···rp and r1, · · · , rp ≥ 1 are constants. In particular,
∣∣∣∇l (e am |F |2)∣∣∣2 = e 2am |F |2 2l∑
p=2
∑
r1+···+rp=2l
∇r1 |F |2 ∗ · · · ∗ ∇rp |F |2, l ≥ 1. (5.2)
Proof. We shall use the method of induction. For l = 1, we have
∇
(
e
a
m
|F |2
)
=
a
m
e
a
m
|F |2∇|F |2
≡e
a
m
|F |2

 1∑
p=1
∑
r1+···+rp=1
Cr1···rp∇
r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2


with C1 =
a
m .
Suppose that formula (5.1) is true for l = k ≥ 1, that is
∇k
(
e
a
m
|F |2
)
= e
a
m
|F |2

 k∑
p=1
∑
r1+···+rp=k
Cr1···rp∇
r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2

 .
Then for l = k + 1, we have
∇k+1
(
e
a
m
|F |2
)
= ∇
(
∇k
(
e
a
m
|F |2
))
=∇
(
e
a
m
|F |2
)
⊗

 k∑
p=1
∑
r1+···+rp=k
Cr1···rp∇
r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2


+ e
a
m
|F |2
k∑
p=1
∑
r1+···+rp=k
Cr1···rp∇
(
∇r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2
)
=
a
m
e
a
m
|F |2∇|F |2 ⊗

 k∑
p=1
∑
r1+···+rp=k
Cr1···rp∇
r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2


+ e
a
m
|F |2
k∑
p=1
∑
r1+···+rp=k
Cr1···rp
(
∇r1+1|F |2 ⊗ · · · ⊗ ∇rp |F |2 + · · ·+∇r1 |F |2 ⊗ · · · ⊗ ∇rp+1|F |2
)
=e
a
m
|F |2

 k∑
p=1
∑
r1+···+rp=k
a
m
Cr1···rp∇|F |
2 ⊗∇r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2


+ e
a
m
|F |2
k∑
p=1
∑
r1+···+rp=k+1
Cr1···rp
(
∇r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2
)
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=e
a
m
|F |2

 k∑
p=1
∑
r1=1,r2+···+rp+1=k
Cr1···rp+1∇
r1 |F |2 ⊗∇r2 |F |2 ⊗ · · · ⊗ ∇rp+1 |F |2


+ e
a
m
|F |2
k∑
p=1
∑
r1+···+rp=k+1
Cr1···rp
(
∇r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2
)
=e
a
m
|F |2

k+1∑
p=2
∑
r1=1,r2+···+rp=k
Cr1···rp∇
r1 |F |2 ⊗∇r2 |F |2 ⊗ · · · ⊗ ∇rp |F |2


+ e
a
m
|F |2
k∑
p=1
∑
r1+···+rp=k+1,r1≥2
Cr1···rp
(
∇r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2
)
=e
a
m
|F |2
k+1∑
p=1
∑
r1+···+rp=k+1
Cr1···rp
(
∇r1 |F |2 ⊗ · · · ⊗ ∇rp |F |2
)
,
where some same symbols have been used to denote different new coefficients. So Lemma 5.3 is proved.
⊔⊓
It is not hard to see that, for any r ≥ 1 and each k = 1, 2, · · · , it holds that
∇r|F |2 =2
k−1∑
s=0
Csr 〈∇
sF,∇r−sF 〉, for r = 2k − 1; (5.3)
∇r|F |2 =2
k−1∑
s=0
Csr 〈∇
sF,∇r−sF 〉+ Ckr 〈∇
kF,∇kF 〉, for r = 2k. (5.4)
Therefore, by Lemma 5.3, we easily obtain
Lemma 5.4. For any l ≥ 1, we have
∇l
(
e
a
m
|F |2
)
=e
a
m
|F |2
l∑
p=1
∑
r1+···+rp=l
∑
0≤s1≤[
1
2
r1]
· · ·
∑
0≤sp≤[
1
2
rp]
C
s1···sp
r1···rp 〈∇
s1F,∇r1−s1F 〉 · · · 〈∇spF,∇rp−spF 〉
≡e
a
m
|F |2
l∑
p=1
∑
r1+···+r2p=l
∇r1F ∗ · · · ∗ ∇r2pF (5.5)
where, in the first equality, we have omitted the tensor product sign ⊗, and C
s1···sp
r1···rp denote certain different
constants.
The following formulae are directly from [20]:
Lemma 5.5 ([20]). For any k ≥ 0,
∇l+2F =∇lh+
k−1∑
ι=0
(∗
2(k−ι)
2ι+1 h)
iF∗(ei) +
k−1∑
ι=0
(∗
2(k−ι)+1
2ι h)
αeα, if l = 2k; (5.6)
∇l+2F =∇lh+
k∑
ι=0
(∗
2(k−ι+1)
2ι h)
iF∗(ei) +
k−1∑
ι=0
(∗
2(k−ι)+1
2ι+1 h)
αeα, if l = 2k + 1 (5.7)
where, for integers p ≥ 1 and q ≥ 0,
∗0qh = 1, ∗
p
qh =
∑
r1+···+rp=q
∇r1h ∗ · · · ∗ ∇rph.
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To proceed, we need the following identities which are derived in [3] (see also [4]):
R(∂t, ei, ej, ek) =〈∇
⊥
ek (Ft)
⊥, hij〉 − 〈∇
⊥
ej (Ft)
⊥, hik〉, (5.8)
R⊥(∂t, ei, eα, eβ) =〈∇
⊥
Aα(ei)
(Ft)
⊥, eβ〉 − 〈∇
⊥
Aβ(ei)
(Ft)
⊥, eα〉. (5.9)
Moreover, by the flow equation (1.4), the fact that ∇⊥F⊥ = F⊤ ∗ h = ∇|F |2 ∗ h, we also obtain
R(∂t, ei, ej , ek) =e
a
m
|F |2(∇|F |2 ∗ (h2 + bF⊥ ∗ h) + h ∗ ∇h), (5.10)
R⊥(∂t, ei, eα, eβ) =e
a
m
|F |2(∇|F |2 ∗ (h2 + bF⊥ ∗ h) + h ∗ ∇h). (5.11)
Now we can prove the following proposition:
Proposition 5.6. The evolution of the l-th covariant derivative of h is of the form
∇t∇
lh =ce
a
m
|F |2∆∇lh+ e
a
m
|F |2
(
∇|F |2 ∗ ∇l+1h+
(
∇|F |2
)2
∗ ∇lh+ F⊥ ∗ ∇lh ∗ h
+ g ∗ ∇lh+ h2 ∗ ∇lh+ P1(g, F,∇F, h,∇h, · · · ,∇
l−1h)
)
+ be
a
m
|F |2
(
F⊥ ∗ ∇lh+ P2(g, F,∇F, h,∇h, · · · ,∇
l−1h)
)
F⊥, (5.12)
where P1 and P2 are polynomials of g, F,∇F, h,∇h, · · · ,∇l−1h of degrees dependent only on l.
Proof. We shall first prove (5.12) by induction. When l = 0, we directly use (3.12) to get
∇th
α
ij =ce
a
m
|F |2∆hαij + e
a
m
|F |2
(
(∇|F |2)2 ∗ h+∇|F |2 ∗ ∇h+ F⊥ ∗ h2 + g ∗ h+ h3
)α
ij
+ be
a
m
|F |2
(
(∇|F |2)2 + F⊥ ∗ h+ g
)
ij
Fα, (5.13)
clearly implying that (5.12) holds for l = 0.
Suppose that (5.12) holds for l = k, i.e.,
∇t∇
kh =ce
a
m
|F |2∆∇kh+ e
a
m
|F |2
(
∇|F |2 ∗ ∇k+1h+
(
∇|F |2
)2
∗ ∇kh+ F⊥ ∗ ∇kh ∗ h
+ g ∗ ∇kh+ h2 ∗ ∇kh+ P1(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
+ be
a
m
|F |2
(
F⊥ ∗ ∇kh+ P2(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
F⊥
Then for l = k + 1 we have, by the time-like Ricci identity, (5.10) and (5.11), that
∇t∇
k+1h =∇(∇t∇
kh) + e
a
m
|F |2
(
∇kh ∗ (∇|F |2 ∗ (h2 + bF⊥ ∗ h) + h ∗ ∇h)
)
=c∇
(
e
a
m
|F |2∆∇kh
)
+∇
(
e
a
m
|F |2
)(
∇|F |2 ∗ ∇k+1h+
(
∇|F |2
)2
∗ ∇kh+ F⊥ ∗ ∇kh ∗ h
+ g ∗ ∇kh+ h2 ∗ ∇kh+ P1(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
+ e
a
m
|F |2∇
(
∇|F |2 ∗ ∇k+1h+
(
∇|F |2
)2
∗ ∇kh+ F⊥ ∗ ∇kh ∗ h
+ g ∗ ∇kh+ h2 ∗ ∇kh+ P1(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
+ b∇
(
e
a
m
|F |2
) (
F⊥ ∗ ∇kh+ P2(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
F⊥
+ be
a
m
|F |2∇
(
F⊥ ∗ ∇kh+ P2(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
F⊥
+ be
a
m
|F |2
(
F⊥ ∗ ∇kh+ P2(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
∇⊥F⊥
+ e
a
m
|F |2
(
∇kh ∗ (∇|F |2 ∗ (h2 + bF⊥ ∗ h) + h ∗ ∇h)
)
=e
a
m
|F |2∇|F |2 ∗ (∆∇kh) + ce
a
m
|F |2∇(∆∇kh)
+ e
a
m
|F |2∇|F |2 ∗
(
∇|F |2 ∗ ∇k+1h+
(
∇|F |2
)2
∗ ∇kh+ F⊥ ∗ ∇kh ∗ h
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+ g ∗ ∇kh+ h2 ∗ ∇kh+ P1(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
+ e
a
m
|F |2
(
∇2|F |2 ∗ ∇k+1h+∇|F |2 ∗ ∇k+2h+∇|F |2 ∗ ∇2|F |2 ∗ ∇kh+
(
∇|F |2
)2
∗ ∇k+1h
+∇⊥F⊥ ∗ ∇kh ∗ h+ F⊥ ∗ ∇k+1h ∗ h+ F⊥ ∗ ∇kh ∗ ∇h
+ g ∗ ∇k+1h+ h ∗ ∇h ∗ ∇kh+ h2 ∗ ∇k+1h+ P1(g, F,∇F, h,∇h, · · · ,∇
kh)
)
+ be
a
m
|F |2∇|F |2 ∗
(
F⊥ ∗ ∇kh+ P2(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
F⊥
+ be
a
m
|F |2
(
∇⊥F⊥ ∗ ∇kh+ F⊥ ∗ ∇k+1h+ P2(g, F,∇F, h,∇h, · · · ,∇
kh)
)
F⊥
+ be
a
m
|F |2
(
F⊥ ∗ ∇kh+ P2(g, F,∇F, h,∇h, · · · ,∇
k−1h)
)
∇⊥F⊥
+ e
a
m
|F |2
(
∇kh ∗ (∇|F |2 ∗ (h2 + bF⊥ ∗ h) + h ∗ ∇h)
)
. (5.14)
On the other hand, for any S ∈ Γ(⊗rH∗ ⊗ N ), we have the following formula of commuting the
Laplacian and gradient ([20]):
∇k(∆S)
α
i1···ir = ∆(∇kS)
α
i1···ir + (∇S ∗ h
2 + S ∗ h ∗ ∇h)αi1···irk.
In particular, by setting S = ∇kh, we have
∇ik+1(∆∇
kh)αiji1···ik = ∆(∇
k+1h)αiji1 ···ik+1 + (∇
k+1h ∗ h2 +∇kh ∗ h ∗ ∇h)αiji1···ik+1 .
This together with (5.14) and the following equalities
F⊤ =
∑
gij〈F, Fi〉Fj =
1
2
∑
gij∇i|F |
2Fj ,
F⊤ ∗ h = ∇|F |2 ∗ h, ∇2F = h, ∇2|F |2 = g + 〈F, h〉,
∇⊥F⊥ =
(
∇(F − F⊤)
)⊥
= F⊤ ∗ h = ∇|F |2 ∗ h,
directly gives
∇t∇
k+1h =ce
a
m
|F |2∆∇k+1h+ e
a
m
|F |2
(
∇|F |2 ∗ ∇k+2h+
(
∇|F |2
)2
∗ ∇k+1h+ F⊥ ∗ ∇k+1h ∗ h
+ g ∗ ∇k+1h+ h2 ∗ ∇k+1h+ P1(g, F,∇F, h,∇h, · · · ,∇
kh)
)
+ be
a
m
|F |2
(
F⊥ ∗ ∇k+1h+ P2(g, F,∇F, h,∇h, · · · ,∇
kh)
)
F⊥.
Thus (5.12) also holds for l = k + 1. ⊔⊓
Since ∆|∇lh|2 = 2〈∇lh,∆∇lh〉+ 2|∇l+1h|2, we easily obtain the following corollary by (5.12):
Corollary 5.7. Let l ≥ 1. Then the following evolution formula of |∇lh|2 holds:
∂
∂t
|∇lh|2 =ce
a
m
|F |2∆|∇lh|2 − 2ce
a
m
|F |2 |∇l+1h|2 + e
a
m
|F |2
(
∇|F |2 ∗ ∇l+1h ∗ ∇lh+
(
∇|F |2
)2
∗ (∇lh)2
+ F⊥ ∗ (∇lh)2 ∗ h+ g ∗ (∇lh)2 + h2 ∗ (∇lh)2 + P1(g, F,∇F, h,∇h, · · · ,∇
l−1h) ∗ ∇lh
)
+ be
a
m
|F |2
(
F⊥ ∗ ∇lh+ P2(g, F,∇F, h,∇h, · · · ,∇
l−1h)
)
F⊥ ∗ ∇lh
≡ce
a
m
|F |2∆|∇lh|2 − 2ce
a
m
|F |2 |∇l+1h|2
+ e
a
m
|F |2
(
C1 ∗ ∇
l+1h ∗ ∇lh+ C2 ∗ (∇
lh)2 + C3 ∗ ∇
lh
)
, (5.15)
where C1, C2 and , C3 are polynomials of g, F,∇F and ∇rh with 0 ≤ r ≤ l − 1.
Next, we shall consider the flow (1.3) and make some estimations for all the higher order derivatives
of the second fundamental form h and the Rm+p-valued function F .
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Proposition 5.8. Suppose that the curvature flow (1.3) has a solution on a time interval [0, τ ] where Ft
is an immersion for each t ∈ [0, τ ] with |F0|2 6= m everywhere on Mm. If |h|2 and F are bounded on [0, τ ],
say, max{|h|2, |F |2} ≤ C00 with C
0
0 independent of τ , then for each l ≥ 1, it holds that |∇
lh|2 ≤ C0l (1+1/t
l)
for all t ∈ (0, τ ], where C0l is a constant that only depends on m, l and C
0
0 .
Proof. The idea of proving Proposition 5.8 originally comes from [3], and some detailed argument
can also be found in [20].
For each l ≥ 1 define
Gl = t
l|∇lh|2 + ltl−1|∇l−1h|2.
We shall prove the proposition by induction on l. For the case l = 1, we can use (3.13) and (5.15) to
find that
∂
∂t
G1 =e
1
m
|F |2∆G1 + |∇h|
2 + te
1
m
|F |2
(
−2|∇2h|2 + C1 ∗ ∇
2h ∗ ∇h+ C2 ∗ (∇h)
2 + C3 ∗ ∇h
)
+ e
1
m
|F |2
(
−2|∇h|2 + C′1 ∗ ∇h+ C
′
2
)
(5.16)
where, as indicated in Corollary 5.7, C1, C2, C3 and C
′
1, C
′
2 are polynomials of g, F,∇F and h.
Note that |∇F |2 = m and t ≤ τ < T0 < +∞ with some finite positive number T0 (see Corollary 4.9).
It follows by the assumption of the proposition that all the norms of C1, C2, C3, C
′
1, C
′
2 are dependent
only on m and C00 . This with the Young’s inequality gives that
|C1∗∇
2h ∗ ∇h| ≤ 2|∇2h|2 + c′1|∇h|
2, |C2 ∗ (∇h)
2| = |C2 ∗ ∇h ∗ ∇h| ≤ c
′
2|∇h|
2,
|C3 ∗ ∇h| ≤ c
′
3|∇h|
2 + c′4, |C
′
1 ∗ ∇h| ≤ ε|∇h|
2 + c′5,
where c′1, · · · , c
′
5 and ε are positive constants with ε < 1. Since e
1
m
|F |2 ≥ 1, we obtain from (5.16) the
following estimate:
∂
∂t
G1 ≤ e
1
m
|F |2∆G1 − (1 − ε− tc1)|∇h|
2 + c2 ≤ e
1
m
|F |2∆G1 + c2, for any t ≤
1− ε
c1
, (5.17)
where c1 and c2 are constants that only depend on m and C
0
0 . Then it follows from the maximum
principle that
t|∇h|2 ≤ G1 ≤ C
0
0 + c2t
or
|∇h|2 ≤
1
t
G1 ≤
C00
t
+ c2 ≤ C
0
1 (1 +
1
t
)
on the interval (0, 1−εc1 ]. When t >
1−ε
c1
, we can consider the interval (t − 1−ε2c1 , t+
1−ε
2c1
] of length 1−εc1 on
which similar argument can give a similar estimation for G1. Since ε can be chosen fixed, we can cover
(1−εc1 − δ, τ ], 0 < δ ≤
1−ε
2c1
, with a family of such intervals of a fixed length. Due to the finiteness of T0
and the fact that τ < T0, this consideration will directly lead to the conclusion for l = 1.
Now we suppose the conclusion is true for less than or equal to l − 1 ≥ 1. Then |h|2, · · · |∇l−1h|2 are
all bounded from above. Once more we use Corollary 5.7 to find
∂
∂t
Gl =e
1
m
|F |2∆Gl + lt
l−1|∇lh|2
+ tle
1
m
|F |2
(
− 2|∇l+1h|2 + C4 ∗ ∇
l+1h ∗ ∇lh+ C5 ∗ (∇
lh)2 + C6 ∗ ∇
lh
)
+ l(l− 1)tl−2|∇l−1h|2
+ ltl−1e
1
m
|F |2
(
− 2|∇lh|2 + C′4 ∗ ∇
lh ∗ ∇l−1h+ C′5 ∗ (∇
l−1h)2 + C′6 ∗ ∇
l−1h
)
, (5.18)
where C4, C5, C6 and C
′
4, C
′
5, C
′
6 are polynomials of g, F,∇F and ∇
rh with 0 ≤ r ≤ l − 1.
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As in the case l = 1, the above argument and the Young’s inequality together give that
|C4∗∇
l+1h ∗ ∇lh| ≤ 2|∇l+1h|2 + c′6|∇
lh|2, |C5 ∗ (∇
lh)2| = |C5 ∗ ∇
lh ∗ ∇lh| ≤ c′7|∇
lh|2,
|C6 ∗ ∇
lh| ≤ c′8|∇
lh|2 + c′9, |C
′
4 ∗ ∇
lh ∗ ∇l−1h| ≤ ε|∇lh|2 + c′10,
where c′6, · · · , c
′
10 and ε are positive constants with ε < 1. Since e
1
m
|F |2 ≥ 1, we obtain from (5.18) the
following estimate:
∂
∂t
Gl ≤ e
1
m
|F |2∆Gl − lt
l−1
(
1− ε− tc3
)
|∇lh|2 + c4 ≤ e
1
m
|F |2∆Gl + c4, t ≤
1− ε
c3
, (5.19)
for some positive ε < 1, where c3 and c4 are constants that only depend onm and C
0
0 . Thus the maximum
principle gives
tl|∇lh|2 ≤ Gl ≤ c4t, or |∇
lh|2 ≤
c4
tl−1
≤ C0l
(
1 +
1
tl−1
)
on the interval (0, 1−εc3 ]. When t >
1−ε
c3
, we can fix a small ε > 0 and consider a family of intervals of
fixed length no more than 1−εc3 similarly as the case l = 1 to reach the conclusion for l. ⊔⊓
From Lemma 5.5 and Proposition 5.8 we directly obtain the following corollary:
Corollary 5.9. If max{|h|2, |F |2} < +∞, then there exist constants C′(l) and C′′(l) such that
|∇lh|2 ≤ C′(l), |∇lF |2 ≤ C′′(l), l ≥ 0. (5.20)
In order to prove Theorem 5.1, we follow [4] to fix a smooth metric g˚ on M with the Levi-Civita
connection ∇˚, which can trivially extend to a time-independent metric on M × [0, T ), still denoted by g˚.
Then we need to use the corresponding induced connections, also denoted by ∇˚, on the relevant bundles
on M × [0, T ) for some computations.
Since the connection coefficients Γ˚jit of the time-dependent connection ∇˚ vanishes identically, it follows
from (3.5) that
(∇˚tg)ij =
∂
∂t
gij − gkjΓ˚
k
it − gikΓ˚
k
jt =
∂
∂t
〈Fi, Fj〉
=e
1
m
|F |2
( 1
m
|F |2i |F |
2
j − 2〈H,hij〉+ 2gij
)
.
Consequently, for any non-zero vector v =
∑
viei ∈ TM , we have
(∇˚tg)(v, v)
g(v, v)
= e
1
m
|F |2
(
1
m
g(∇|F |2, v)2
g(v, v)
− 2
〈H,h(v, v)〉
g(v, v)
+ 2
)
which with Cauchy inequality implies that∣∣∣∣∣ (∇˚tg)(v, v)g(v, v)
∣∣∣∣∣ ≤ e 1m |F |2
( 1
m
|∇|F |2|2 + 2|H ||h|+ 2
)
.
Since
∇|F |2 = 2F⊤, |H |2 ≤
1
m
|h|2,
we know that ∣∣∣∣∣ (∇˚tg)(v, v)g(v, v)
∣∣∣∣∣ ≤ e 1m |F |2
(
4
m
|F |2 +
m+ 1
m
|h|2 + 2
)
.
Therefore, if F and h are bounded, then there is a positive constant C dependent only on the bounds of
F and h such that ∣∣∣∣ ∂∂t
(
g(v, v)
g˚(v, v)
)∣∣∣∣ =
∣∣∣∣∣ (∇˚tg)(v, v)g(v, v) g(v, v)g˚(v, v)
∣∣∣∣∣ ≤ C g(v, v)g˚(v, v) , ∀ v ∈ TM,
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from which it is easily seen that ([4])
1
c
g˚ ≤ g ≤ c˚g (5.21)
for some constant c > 0. Thus any estimation of a length function with respect to the metric g˚ is
equivalent to that with respect to the metric g.
Let T˚ = ∇˚ − ∇ be the difference of the two connections. Then T˚ ∈ Γ(H∗ ⊗ H∗ ⊗H). Moreover, for
any section S of a bundle constructed from the induced bundle F ∗TRm+p, the horizontal distribution
H ⊂ T (M × [0, T )) and the normal subbundle N ⊂ F ∗TRm+p, we have that ∇˚S −∇S = S ∗ T˚ .
The following lemma can be found in [20]:
Lemma 5.10 ([20]). It holds that
∇˚l+1F = ∇l+1F +
l∑
q=1
l+1−q∑
p=1
(˚∗pl−p−q+1T˚ ) ∗ ∇
qF, l ≥ 0. (5.22)
where, for integers p ≥ 1 and q ≥ 0,
∗˚pq T˚ =
∑
r1+···+rp=q
∇˚r1 T˚ ∗ · · · ∗ ∇˚rp T˚ .
Lemma 5.11. If |h|2 and F are bounded, then for each l ≥ 0, there is a constant C(l), such that
|∇˚lT˚ |2 ≤ C(l).
Proof. To prove the lemma, we need the following formula:
∇˚t∇˚
lT˚ = e
1
m
|F |2(P1 + P2 ∗ ∇˚
l−1T˚ ), l ≥ 0, (5.23)
where ∇˚−1 = 0, ∇˚0 = 1, and
P1 = P1(g, F,∇F, h,∇h, · · · ,∇
l+1h, T˚ , ∇˚T˚ , · · · , ∇˚l−2T˚ )
is a polynomial of g, F,∇F, h,∇h, · · · ,∇l+1h, T˚ , ∇˚T˚ , · · · , ∇˚l−2T˚ , while
P2 = (∇|F |
2)3 +∇|F |2 ∗ h2 +∇|F |2 ∗ idTM +∇|F |
2 ∗ F⊥ ∗ h+∇h ∗ h (5.24)
is a fixed polynomial of g, F,∇F, h,∇h.
Formula (5.23) can be shown by the method of induction.
First we consider l = 0. By the definition of the connection ∇˚ on M × [0, T ), it is easily seen that
∇˚tT˚ kij =
∂
∂t T˚
k
ij = −
∂
∂tΓ
k
ij . Since for each fixed t ∈ [0, T ),
∂
∂tΓ
k
ij is a (1, 2)-tensor on the Riemannian
manifold (M × {t}, g) w.r.t. the indices i, j, k, by using a normal coordinates (ui) of the induced metric
g and (3.5) we can find that, at each fixed point p on M × {t},
∇˚t∇˚
0T˚ kij =−
∂
∂t
Γkij = −
1
2
gkl
(
∂
∂uj
∂gil
∂t
+
∂
∂ui
∂gjl
∂t
−
∂
∂ul
∂gij
∂t
)
=−
1
2
gkl
(
∇ ∂
∂uj
(
e
1
m
|F |2
( 1
m
|F |2i |F |
2
l − 2〈H,hil〉+ 2gil
))
+∇ ∂
∂ui
(
e
1
m
|F |2
( 1
m
|F |2j |F |
2
l − 2〈H,hjl〉+ 2gjl
))
−∇ ∂
∂ul
(
e
1
m
|F |2
( 1
m
|F |2i |F |
2
j − 2〈H,hij〉+ 2gij
)))
=−
1
2
gkle
1
m
|F |2
(
1
m
|F |2j
( 1
m
|F |2i |F |
2
l − 2〈H,hil〉+ 2gil
)
+∇j
( 1
m
|F |2i |F |
2
l − 2〈H,hil〉+ 2gil
)
+
1
m
|F |2i
( 1
m
|F |2j |F |
2
l − 2〈H,hjl〉+ 2gjl
)
+∇i
( 1
m
|F |2j |F |
2
l − 2〈H,hjl〉+ 2gjl
)
−
1
m
|F |2l
( 1
m
|F |2i |F |
2
j − 2〈H,hij〉+ 2gij
)
−∇l
( 1
m
|F |2i |F |
2
j − 2〈H,hij〉+ 2gij
))
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=−
1
2
gkle
1
m
|F |2
(
1
m2
|F |2i |F |
2
j |F |
2
l −
2
m
(
|F |2j〈H,hil〉+ |F |
2
i 〈H,hjl〉 − |F |
2
l 〈H,hij〉
)
+
2
m
(
|F |2jgil + |F |
2
i gjl − |F |
2
l gij
)
+
1
m
(
|F |2i,j |F |
2
l + |F |
2
i |F |
2
l,j + |F |
2
j,i|F |
2
l + |F |
2
j |F |
2
l,i − |F |
2
i,l|F |
2
j − |F |
2
i |F |
2
j,l
)
− 2
(
〈H,j , hil〉+ 〈H,hilj〉+ 〈H,i, hjl〉+ 〈H,hjli〉 − 〈H,l, hij〉 − 〈H,hijl〉
))
=e
1
m
|F |2
(
(∇|F |2)3 +∇|F |2 ∗ h2 +∇|F |2 ∗ idTM +∇|F |
2 ∗ F⊥ ∗ h+∇h ∗ h
)k
ij
(5.25)
where in the last equality we have used the identity that |F |2i,j = 2(gij + 〈F
⊥, hij〉). By the arbitrariness
of the point p, we finally obtain from (5.25) that
∇˚t∇˚
0T˚ = e
1
m
|F |2((∇|F |2)3 +∇|F |2 ∗ h2 +∇|F |2 ∗ idTM +∇|F |
2 ∗ F⊥ ∗ h+∇h ∗ h). (5.26)
Thus (5.23) holds for l = 0 with
P1 = (∇|F |
2)3 +∇|F |2 ∗ h2 +∇|F |2 ∗ idTM +∇|F |
2 ∗ F⊥ ∗ h+∇h ∗ h.
Suppose that (5.23) holds for l = k ≥ 0, i.e.,
∇˚t∇˚
kT˚ = e
1
m
|F |2(P1 + P2 ∗ ∇˚
k−1T˚ ), (5.27)
where P1 is a polynomial of g, F,∇F, h,∇h, · · · ,∇k+1h, T˚ , ∇˚T˚ , · · · , ∇˚k−2T˚ , and P2 is given by (5.24).
Then for l = k + 1, we compute
∇˚t∇˚
k+1T˚ =∇˚(∇˚t∇˚
kT˚ ) = ∇˚
(
e
1
m
|F |2
)
(P1 + P2 ∗ ∇˚
k−1T˚ ) + e
1
m
|F |2
(
(∇+ T˚ ) ∗ P1
+
(
(∇+ T˚ ) ∗ P2
)
∗ ∇˚k−1T˚ + P2 ∗ ∇˚∇˚
k−1T˚
)
=
1
m
e
1
m
|F |2∇|F |2(P1 + P2 ∗ ∇˚
k−1T˚ ) + e
1
m
|F |2
(
∇P1 + T˚ ∗ P1 +∇P2 ∗ ∇˚
k−1T˚
+ T˚ ∗ P2 ∗ ∇˚
k−1T˚ + P2 ∗ ∇˚∇˚
k−1T˚
)
. (5.28)
It follows easily from (5.28) that
∇˚t∇˚
k+1T˚ = e
1
m
|F |2(P ′1 + P2 ∗ ∇˚
k+1−1T˚ ),
where P ′1 is a polynomial of g, F,∇F, h,∇h, · · · ,∇
k+1+1h, T˚ , ∇˚T˚ , · · · , ∇˚k+1−2T˚ , and P2 is given by (5.24).
Therefore, (5.23) holds for l = k + 1 and thus holds for all l ≥ 0 by induction.
Now we can use (5.23) to complete the proof of Lemma 5.11.
Note that, by Corollary 5.9, if |h|2 and F are uniformly bounded from above for t ∈ [0, T ), then all of
∇lh and ∇lF are also uniformly bounded for l ≥ 0. On the other hand, by (3.3), we know that ∇t and
∇˚t are related by
∇tS = ∇˚tS + e
1
m
|F |2
(
h2 + (∇|F |2)2 + 1
)
∗ S (5.29)
for any bundle-valued tensor S on M × [0, T ). Then, from (5.26) and Young’s inequality, it follows that,
when l = 0,
∂
∂t
|T˚ |2 =2〈∇tT˚ , T˚ 〉 =
〈
∇˚tT˚ + e
1
m
|F |2
(
h2 + (∇|F |2)2 + 1
)
∗ T˚ , T˚
〉
=e
1
m
|F |2
(
P1 +
(
h2 + (∇|F |2)2 + 1
)
∗ T˚
)
∗ T˚
≤C1(1 + |T˚ |
2),
which implies that
∂
∂t
log(1 + |T˚ |2) ≤ C1, or
∂
∂t
(log(1 + |T˚ |2)− C1t) ≤ 0.
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Since M is compact, we find
log(1 + |T˚ |2)− C1t ≤ (log(1 + |T˚ |
2)− C1t)|t=0 = (log(1 + |T˚ |
2))|t=0 ≤ C2.
So |T˚ |2 < 1 + |T˚ |2 ≤ eC1t+C2 ≤ C(0) since the interval [0, T ) is bounded.
Suppose that |T˚ |2, · · · , |∇˚l−1T˚ |2 have been shown bounded for l ≥ 1, then by (5.23), (5.29) and
Young’s inequality,
∂
∂t
|∇˚lT˚ |2 =2〈∇t∇˚
lT˚ , ∇˚lT˚ 〉 = 2
〈
∇˚t∇˚
lT˚ + e
1
m
|F |2
(
h2 + (∇|F |2)2 + 1
)
∗ ∇˚lT˚ , ∇˚lT˚
〉
=e
1
m
|F |2
(
P1 + P2 ∗ ∇˚
l−1T˚ +
(
h2 + (∇|F |2)2 + 1
)
∗ ∇˚lT˚
)
∗ ∇˚lT˚ ≤ C3(1 + |∇˚
lT˚ |2).
Thus, as in the case of l = 0, there exists a C(l) > 0 such that |∇˚lT˚ |2 ≤ C(l).
Thus the principle of induction finishes the proof. ⊔⊓
Combining Corollary 5.9, Lemma 5.10, Lemma 5.11 and the comparability (5.21) of g with g˚ we have
proved the following boundedness result:
Proposition 5.12. If |h|2 and F are bounded as t → T , then for each l ≥ 0, there exists a constant
C(l) > 0 such that |∇˚lF |2g˚ ≤ C˜(l)|∇˚
lF |2g ≤ C(l) where C˜(l) > 0.
To prove Theorem 5.1, we also need the following formula:
Lemma 5.13. It holds that
∂
∂t
∇˚lF =
∑
p+q=l
( ∑
r+s+t=p
(˚∗rsT˚ ) ∗ ∇
t
(
e
1
m
|F |2
))
∗

 ∑
r+s+t=q+2, t≥1
(˚∗rsT˚ ) ∗ ∇˚
tF + ∇˚qF

 , l ≥ 0. (5.30)
Proof. Take H as a section of the induced bundle F ∗TRm+p. Then we have the following two
equations (see equations (5.24) and (5.25) in [20]):
∇˚p
(
e
1
m
|F |2
)
=
∑
r+s+t=p
(˚∗rsT˚ ) ∗ ∇
t
(
e
1
m
|F |2
)
, p ≥ 0, (5.31)
∇˚qH =
∑
r+s+t=q+2, t≥1
(˚∗rsT˚ ) ∗ ∇˚
tF, q ≥ 0. (5.32)
Thus (5.30) easily follows by
∂
∂t
∇˚lF = ∇˚l
∂F
∂t
= ∇˚l
(
e
1
m
|F |2(H + F )
)
=
∑
p+q=l
∇˚p
(
e
1
m
|F |2
)
∗ (∇˚qH + ∇˚qF ), l ≥ 0.
⊔⊓
The proof of Theorem 5.1.
The finiteness of the time T comes from Corollary 4.9.
If Theorem 5.1 is not true, then by Corollary 5.9, all the covariant derivatives ∇lh and ∇lF will be
uniformly bounded from above. This with Lemma 5.4 shows that ∇l
(
e
1
m
|F |2
)
are bounded for all l ≥ 0.
On the other hand, by Lemma 5.11 and Proposition 5.12, we obtain that ∇˚lT˚ and ∇˚lF are also bounded
for all l ≥ 0. Therefore, by Lemma 5.13, it is easily seen that, for each l ≥ 0, | ∂∂t∇˚
lF | will be uniformly
bounded from above by a constant C(l) > 0. Consequently we have∣∣∣∇˚lF (u, t1)− ∇˚lF (u, t2)∣∣∣ ≤
∣∣∣∣
∫ t2
t1
∂
∂t
∇˚lFdt
∣∣∣∣ ≤ C(l)|t1 − t2|, l ≥ 0,
for all u ∈ Mm and t1, t2 ∈ (0, T ). So, due to the Cauchy convergence theorem, ∇˚lF will converge
uniformly as t → T , implying that F (·, t) will converge in C∞-topology to a limit immersion F (·, T ) :
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Mm → Rm+p. By the existence theorem (Theorem 2.2) of the short time solution, [0, T ) could not be the
maximal time interval for the existence of the regular solution, which is a contradiction. Thus Theorem
5.1 is proved.
6. Proof of the main theorem
Based on the previous discussions, we shall give a proof of the following main theorem in this paper:
Theorem 6.1. Let F0 : M
m → Rm+p be an immersed compact submanifold satisfying |F0|2 6= m
everywhere on Mm. Denote
Tˆ1 :=
m
2(m−max |F0|2)
(
1− e−
1
m
max |F0|
2
)
, Tˆ2 :=
m
2(min |F0|2 −m)
e−
1
m
min |F0|
2
. (6.1)
Then there exists a maximal T > 0, and a smooth solution F : Mm × [0, T )→ Rm+p to the flow (1.3),
such that, for each t ∈ [0, T ), Ft :Mm → Rm+p is an immersion. Furthermore,
(1) If min |F0|
2 < m, then we have either
T < Tˆ1 and lim
t→T
max |h|2 = +∞
or
T = Tˆ1 and lim
t→Tˆ1
max |F |2 = 0,
namely, F (Mm) converges to the origin as t tends to Tˆ1;
(2) If max |F0|2 > m, then we have either T < Tˆ2 and one of the following two holds:
(i) lim
t→T
max |h|2 = +∞;
(ii) lim
t→T
max |F |2 = +∞;
or T = Tˆ2 and lim
t→Tˆ2
min |F |2 = +∞.
Proof. Let F0 : M
m → Rm+p be the initial submanifold given in the theorem. Since |F0(p)|2 6= m
for each point p ∈Mm, the connectedness ofMm implies that either max |F0|
2 < m or min |F0|
2 > m. By
the existence theorem (Theorem 2.2) and Corollary 4.9, there is a maximal interval [0, T ) with T < +∞
such that a regular solution F : Mm × [0, T )→ Rm+p to the flow (1.3) exists. Moreover, from Theorem
5.1, we also know that either lim
t→T
max |F |2 = +∞ or lim
t→T
max |h|2 = +∞.
Case (1): If max |F0|2 < m, we can take R0 = max |F0|. Then R20 < m and the solution F
S :
S
m+p−1× [0, T S)→ Rm+p of the ODE (4.21) which comes from (1.4) with the original m being replaced
by m+ p− 1 and with a = m+p−1m , b = 1, c =
m
m+p−1 , where the initial submanifold is an origin-centered
standard hypersphere S0 of radius R0, gives a maximal regular solution R
2 ≡ R2(t) := |FS |2, 0 ≤ t < T S.
Furthermore, by Corollary 4.7, we have T S = Tˆ1 where Tˆ1 is given by (6.1) and lim
t→Tˆ1
R2 = 0.
On the other hand, for any R′20 ∈
(
max |F0|2,
1
2 (m+max |F0|
2)
)
and any ε ∈ (0, R′20 −max |F0|
2), we
let R′2 = R′2(t), t ∈ [0, T1), be the unique solution of (4.21), where T1 is given by (4.24) with R20 being
replaced by R′20 . So we can use Proposition 4.8 to conclude that |F |
2 − R′2 < −ε for all p ∈ Mm and
t ∈ [0, T ) ∩ [0, T1). Furthermore, by the standard theory of ordinary differential equations, the solution
R′2 = R′2(t) of (4.21) continuously depends on the initial value R′20 . Therefore, by taking the limit of the
inequality as R′20 → max |F0|
2 ≡ R20, we conclude that |F |
2−R2 ≤ 0 for all p ∈Mm and t ∈ [0, T )∩ [0, Tˆ1)
since ε→ 0 and T1 → Tˆ1 as R′20 → max |F0|
2.
By discussions of the above two paragraphs, we can claim that T ≤ Tˆ1. In fact, since the initial
submanifold F0(M
m) of the flow (1.3) is bounded by an origin-centered standard hypersphere S0 of radius
R0, Ft(M
m) will always be bounded by a likewise standard hypersphere St := F
S(Sm+p−1) of radius
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R(t) for each t ∈ [0, T ). Therefore, the maximal time interval [0, T ) in which the flowing submanifolds Ft
keep regular must be within the lifetime [0, T S) of the hyperspheres St. Moreover, we have shown that
lim
t→Tˆ1
R2 = 0. Therefore, we can obtain that T ≤ T S = Tˆ1.
If T < Tˆ1, then we may directly use Proposition 4.1 to know that |F |2 is uniformly bounded in the
case that max |F0|2 < m. It thus follows that the only possibility should be that lim
t→T
max |h|2 = +∞.
If T = Tˆ1, then we have
0 ≤ lim
t→Tˆ1
max |F |2 ≤ lim
t→Tˆ1
R2 = 0
implying that lim
t→Tˆ1
max |F |2 = 0.
Case (2): If min |F0|2 > m, we can take R0 = min |F0|. Then R20 > m and the solution F
S :
S
m+p−1 × [0, T S) → Rm+p of the ODE (4.21) with the initial submanifold being an origin-centered
standard hypersphere S0 of radius R0, defines a maximal regular solution R
2 ≡ R2(t) := |FS |2, 0 ≤ t <
T S. Furthermore, by Corollary 4.7, we have T S = Tˆ2 with Tˆ2 being given by (6.1) and lim
t→Tˆ2
R2 = +∞.
On the other hand, for any R′20 ∈
(
1
2 (m+min |F0|
2),min |F0|
2
)
and any ε ∈ (0,min |F0|
2 − R′20 ),
there exists the unique solution R′2 = R′2(t), t ∈ [0, T2), of (4.21), where T2 is defined by (4.24) with
R20 = R
′2
0 . Then Proposition 4.8 makes it sure that |F |
2−R′2 > ε for all p ∈Mm and t ∈ [0, T )∩ [0, T2).
Furthermore, since the solution R′2 = R′2(t) of (4.21) continuously depends on the initial value R′20 , we
can take the limit of the inequality as R′20 → min |F0|
2 ≡ R20 to conclude that |F |
2 −R2 ≥ 0 everywhere
on Mm ×
(
[0, T ) ∩ [0, Tˆ2)
)
, since ε→ 0 and T2 → Tˆ2, as R′20 → min |F0|
2.
Similar to Case (1), we can show that T ≤ Tˆ2 by using a similar argument.
If T < Tˆ2, then we may directly know from Theorem 5.1 that either lim
t→T
max |F |2 = +∞ or lim
t→T
max |h|2 =
+∞.
If T = Tˆ2, then
lim
t→Tˆ2
min |F |2 ≥ lim
t→Tˆ2
R2 = +∞,
from which we obtain the conclusion that lim
t→Tˆ2
min |F |2 = +∞. ⊔⊓
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